We present interacting massive N = 1 vector multiplet (VM) in nine dimensions (9D). Due to the identically-vanishing mass-term m(λλ) ≡ 0 for (symplectic) pseudo-Majorana gaugino in 9D, we employ unconventional technique to give masses to fermions. In 9D, we consider the gauge group G for the VM (A µ I , λ I , ϕ I ) (I = 1, 2, ···, dim G) , where G is the Yang-Mills gauge group, and the gaugino λ I is a pseudo-Majorana spinor. We break G by shifting the scalar ϕ I , so that the gaugino λ I as well as its super-partner gauge boson A µ I will get the same mass. The scalar ϕ I plays the role of a Nambu-Goldstone boson absorbed into the longitudinal components of A µ I , making the latter massive as a super-ProcaStueckelberg mechanism. We also show that a similar method can be also applied to N = 2 VMs in 5D.
Introduction
One of the most important subjects in supersymmetry is how to give masses to fermions.
One method associated with dimensional reduction has been known for many years [1] . It is also well-known that only pseudo-Majorana fermions, but no Majorana fermions exist in Minkowskian nine-dimensions (9D) with the signature D = 1 + 8 [2] [3] Pseudo-Majorana spinors, however, allow no mass-terms in D = 1 + 8 [2] [3] . This forbids the conventional formulation of massive vector multiplets (VMs) in 9D. To be more specific, the na1ve massterm m(ψψ) for a single pseudo-Majorana fermion ψ in 9D is identically zero, because the charge conjugation matrix C αβ in 9D is symmetric [2] [3] , forcing the na1ve mass-term to vanish identically: m(ψψ) ≡ 0.
The mass-term problem for a pseudo-Majorana spinor is not just the vanishing lagrangian mass-term m(ψψ) ≡ 0, but it also pops up in the free-field equation. In fact, the massive pseudo-Majorana field equation in 9D is supposed to be ∂ /ψ . = imψ, 3) because the Clifford algebra in D = 8 + 1 [3] requires the imaginary unit in the relative ratio between the two terms in ∂ /ψ . = imψ. in our signature (−, +, +, · · · , +).
5)
The problem in 5D is also similar. In 5D, we have a symplectic spinor ψ A with the index A for the 2 of Sp(1). Except for the Sp(1) index, the fermionic field equation is ∂ /ψ A .
= imψ A 6) which is formally the same as the 9D, if the Sp(1) index is suppressed, so that we get again (1.1) with the tachyonic mass,
There have been considerable works related to supersymmetric VMs, such as those in 5D
[8] [9] [10], in dimensions D ≤ 6 [11] , with harmonic-superspaces in 5D [12] [13] , and likewise in 4D [14] . However, these works never addressed the aforementioned-issue of fermionic massterm with broken gauge-symmetry in 9D. For example, the papers [8] [9] [10] focus mainly on the purely-bosonic terms. In particular, [8] gives a fermionic propagator in 5D in the Pauli 3) Our space-time signature is (η µν ) = diag. (−, +, +, · · · , +). We also use the symbol .
= for a field equation distinguished from simply-algebraic ones.
4) See [4] and also Appendices B and C for more details.
We are grateful to P. Townsend for important discussions [5] .
6) These hermitian properties with or without the imaginary unit are also consistent with N = 1 and N = 2 supergravities in 9D [6] [7] . See section 4 for details.
metric (−, +, +, +, +)
7) as 1/(Γ · p − m) without the imaginary unit 'i ′ between Γ · p and m. This is consistent with our (1.1). However, as described above, the trouble is that this leads to the tachyonic mass-term. In addition to this, it is not clear in [8] that the mass-term in D = 1 + 4 needs the non-diagonal Sp(1) metric ǫ AB .
The papers [11] [12] [13] deal only with off-shell or harmonic-superspace formulations, but they never mentioned the case of massive VMs, accompanying the gauge-symmery breaking, as we perform in this paper. Even though [14] deals with harmonic-superspace in extended N = 2 supersymmetry within 4D (not 5D), giving the mass-term (4.48) in [14] , the issue of fermionic mass-term in 9D with broken gauge-symmetry has never been addressed. Since the fermionic feature in 9D like the tachyonic feature is entirely different from 4D, the result in [14] does not resolve the problem. The the fermionic structure in 4D [14] is entirely different from 5D, not to mention 9D, and therefore this is irrelevant to our objective.
Additionally, since 9D has neither off-shell nor harmonic-superspace formulation, the results in [11] [12][13] [14] are not of much help. Our main objective is to give the resolution to the tachyonic fermion-mass issue in 9D with gauge-symmetry breakings. Even though we will deal with the 5D case, it will be only an additional application of our 9D result.
The trouble with the tachyonic mass-term for a single pseudo-Majorana spinor is independent of the absence of a lagrangian mass-term. In other words, this trouble arises not only as an identically-vanishing lagrangian mass-term, but also as a tachyonic mass at the field-equation level. On the other hand, according to the general light-cone gauge analyses in diverse dimensions [15] , there must be consistent massive VMs in 9D and 5D. From this viewpoint, finding the right formulation of massive VMs must be a technical problem to be solved by setting up the right mass-terms.
In this paper, we overcome the problem of massive VMs in 9D (and apply its technique to 5D). We develop a technique of antisymmetric pairing of gaugino, by shifting the scalar ϕ I in the VM. The key point is that by the shift ϕ I ≡ ϕ I + g −1 m I by the mass constant
This formalism is interpreted as the Proca-Stueckelberg-like mechanism [16] . As a consequence, the original independent scalar ϕ i is absorbed into the longitudinal component of A µ I , making the latter massive. Interestingly, the resulting antisymmetric mass matrix always yields non-tachyonic positive-definite eigenvalues for (mass) 2 after the gauge symmetry breaking, as desired.
7) This is clear in the field equation (iD / − m)ψ = 0 in the 18 lines above (2.2) in the published version of [8] .
Generally speaking, the supersymmetric formulation of Proca-Stueckelberg mechanism for non-Abelian gauge groups is not new. For example, in our recent papers [17] , we have presented series of formulations of supersymmetric Proca-Stueckelberg mechanisms in 4D.
However, the mechanism we present in this paper has subtle difference in coupling structures, as will be seen in our lagrangians. Thus, our formulation in this paper will provide yet another important example of supersymmetric Proca-Stueckelberg mechanism in 9D or 5D, providing masses to gauge fields. This paper is organized as follows: In the next section, we start with the lagrangian for N = 1 massless VM in 9D. In section 3, we introduce the technique to induce masses for the VM. We next analyze the mass spectrum, confirming the Proca-Stueckelberg-like mechanism. In section 4 we apply this formulation to the 5D case, where the only difference is that the pseudo-Majorana gaugino carries an additional Sp(1) index. The concluding remarks are given in section 5. Appendix A is for the general properties of fermions in arbitrary space-time dimensions, while Appendices B is for the applications to 9D.
N = 1 Superinvariant Action
For N = 1 supersymmetry in D = 1 + 8 with the signature (+, · · · , +, −), fermions are pseudo-Majorana spinors [2] [3] . The hermiticities of fermionic bilinears (BLs) [3] 8) for the pseudo-Majorana fermions ψ and χ are generalized as (ψγ
, while the flipping property [3] is (ψγ
stand for totally antisymmetrized products of γ -matrices, e.g., γ ⌊ ⌈3⌋ ⌉ is equivalent to γ µνρ .
9)
The VM in 9D has the field content (A µ I , λ I , ϕ I ), where I = 1, 2, ···, g ≡ dim G are the adjoint index of a non-Abelian gauge group G. The total action
where g is the gauge-coupling. The field strength and the covariant derivatives are
We can also refer the readers to [7] with the caveat about the space-time signature difference.
9) For more details, see Appendix A & B.
10) The validity of the presence or absence of the imaginary unit in the metric (−, −, · · · , −, +) is easily re-confirmed with 9D supergravity [5] . For the (−, +, +, · · · , +) -metric, see [7] .
The total action I 9D is invariant under N = 1 supersymmetry
3)
The commutator algebra for two supersymmetry transformations is
where δ T is the G -group gauge transformation with the parameter α I . Note that there is no central charge involved at this stage. However, this situation changes, when we consider the massive case in section 4. Since our formulation is on-shell formulation, the commutator algebra closes by the use of λ and χ -field equations 11) δL
Mass Generation
The technique to create non-tachyonic masses for the fields in the VM (A µ I , λ I , ϕ I ) is as follows. We shift the scalar field ϕ to ϕ as
where m I are constants with dimension of mass. As is well known, this shift induces the mass-term in the A µ I -kinetic term. In fact, the original lagrangian (2.1) becomes now
We use the symbol .
= meant for a field equation, distinguished from a merely algebraic equality.
First, the last term in (3.2) can be regarded as the gaugino mass-term. If we regard ϕ I as a new independent field, the λ -field equation is now
Here O(φ 2 ) implies all quadratic terms for interactions, and the matrix M IJ is a d by
In order to determine whether the gaugino is tachyonic, we analyze the Klein-Gordon equation by
The question now is what are the eigenvalues of the mass matrix − (M 2 ) IJ . The answer depends on whether d ≡ dim G is an even or odd integer. We can confirm the facts that
while all other eigenvalues are positive-definite real numbers.
These statements are confirmed as follows: For the case (i), we know that arbitrary real anti-symmetric real matrix M is diagonalized to M d by a unitary matrix U as [18] 
where ν i (i = 1, 2, ···, k) are all real numbers. This is because the original matrix M is real, so that when it is diagonalized all of its eigenvalues are pure imaginary, paired up as complex conjugates: ± iν 1 , ± iν 2 , · · · , ± iν k , as in (3.5) . This property has been also related to the so-called 'Pfaffian' [19] det
Eq. (3.5) implies that the matrix −M 2 has positive-definite 12) real-number eigenvalues, and is diagonalized as
12) The phrase 'positive-definite' includes the case of accidental zeros among ν i (i = 1, 2, ···, k).
For the case (ii), we follow the Jacobi's theorem [20] that a (2k − 1) by (2k − 1) antisymmetric matrix has a vanishing determinant:
It then follows that at least one eigenvalue of the matrix M is zero. As for the remaining eigenvalues, it is similar to the case (i): d = 2k, namely, all these eigenvalues are pure imaginary, and paired up as complex conjugates. Therefore, where we have replaced λ I by χ i (i = 1. 2) for each 2 by 2 Jordan block, omitting also the adjoint index. This leads to the Klein-Gordon equation with non-tachyonic mass:
In other words, the doubling within each 2 by 2 block resolves the tachyonic-mass problem in (1.1).
Since supersymmetry is unbroken, we can expect similar non-tachyonic masses for the gauge boson A µ I . As a matter of fact, this is manifestly seen as follows. The BL-terms of bosons in the lagrangian (3.2) are
We ignored trilinear or higher-order interaction terms. In order to study the mass-terms in (3.12), we also need to eliminate the BL-order mixture between A µ I and ϕ I . To this end, we limit ourselves to the special case of d = (even) ≡ 2k, and assume that all eigenvalues of the matrix M IJ are non-zero. It the follows that all eigenvalues of the matrix (−M 2 ) IJ are positive, 13) and therefore, its inverse matrix M −1 exists:
Using M −1 , it is straightforward to eliminate the BL-order mixture between A µ I and ϕ I by the field redefinition
leading to
Here F µν I is the same as (2.2a), except that A µ I is now replaced by A µ I . The F µν I is not exactly the same as F µν I , but the difference arises at higher-order terms containing ϕ, but they do not interest us at this stage. As we have seen, (3.15) implies non-tachyonic mass for A µ I , because of the positive-definiteness of all eigenvalues of (−M 2 ) IJ . This result is also consistent with the mass spectrum for the gaugino λ I in (3.7), as desired for a supersymmetric partner. In other words, N = 1 supersymmetry is maintained in our mechanism.
We emphasize that our mechanism of providing a mass-matrix to the gauge field is interpreted as Proca-Stueckelberg (compensator) mechanism, consistent also with N = 1 supersymmetry in 9D. In this sense, our formulation is providing yet another example of supersymmetric compensator mechanism for non-Abelian gauge group. Due to the different fermionic structure, this new mechanism is is different from supersymmetric compensator mechanism in 4D [17] .
We mention the effect of the mass-term in (3.1) on the commutator algebra (2.3). As is easily seen, the mass-term generates the new term as
The last term is interpreted as nothing but the central charge in 9D, predicted from the general algebraic argument in [15] .
13)
Our assumption excludes even accidental zero eigenvalue.
Note that our mass-generation mechanism itself does not break N = 1 supersymmetry.
Despite the unbroken N = 1 supersymmetry, the original gauge symmetry for the group G has been broken, due to the compensator mechanism, played by the compensator ϕ I .
This also explains why the mass matrix M IJ depends on the adjoint indices IJ, which obviously breaks the original gauge symmetry.
Parallel Structures for 5D Case
The result and method for our 9D case can be applied to 5D with N = 2 supersymmetry.
Since the most of the notation for N = 2 supersymmetry in 5D has been well-known in 
The hermiticities of Majorana BLs are (χγ
, while the flipping property is (χγ
The total action is I 5D ≡ d 5 x L 5D has a structure similar to the 9D case in (3.1):
where the field strengths are covariant derivatives are defined in the same way as (2.2). The action I 5D is invariant under N = 2 supersymmetry
The λ I -field equation is simply
After the same shift as (3.1), we get
The second term is the mass-term with the same definition (3.3) for M IJ , while the last term is an interaction term at O(φ 2 ). As in the previous 9D case, this leads to the non-tachyonic Klein-Gordon mass:
Again the mass matrix − (M 2 ) IJ with positive-definite eigenvalues arises, guaranteeing the absence of tachyonic mass. Note that this mechanism is essentially the same as in 9D, despite the presence or absence of imaginary unit 'i' caused by the notational difference from 9D.
As for the BL-order mixture between ϕ I and A µ I , its mechanisms is also parallel to the 9D case. Therefore we sill skip their details here.
Concluding Remarks
In this paper, we have presented the formulation of massive VMs with non-trivial interactions in 9D and 5D. We have solved the problem of vanishing or tachyonic mass-terms for We have seen that our original problems with mass-terms for the pseudo-Majorana spinors in 9D or 5D have been solved in terms of anti-symmetric mass matrix M. This property seems to be peculiar to 9D or 5D, because we did not encounter similar properties in other dimensions, such as 4D, where diagonal mass-terms are allowed like m(λ I λ I ) = 0.
Since our formulation is based on the antisymmetry of the structure constant f IJK , our conclusion is valid for any classical compact groups, such as A n ≡ SU(n + 1), B n ≡ SO(2n + 1), C n ≡ Sp(2n), D n ≡ SO(2n), as well as exceptional compact groups G 2 , F 4 , E 6 , E 7 and E 8 . Depending on whether d = (even) or d = (odd), the breaking patterns and mass-spectrum are determined.
As has been also mentioned, our mechanisms for massive gauge fields provide the additional examples of supersymmetric Proca-Stueckelberg (compensator) formulations. To be more specific, the vector-multiplet in 9D is (A µ I , λ I , ϕ I ), where the scalar ϕ I plays the role of a compensator, absorbed into A µ I making the latter massive. One important aspect is that while the gauge symmetry for the non-Abelian group G is broken, the original N = 1 supersymmetry is not broken, showing the consistency of supersymmetric compensator mechanism.
These mechanisms work in odd dimensions such as 5D or 9D, where fermionic structures are different from 4D. From this viewpoint, our results in this paper can play leading roles for exploiting compensator-field formulations for massive gauge fields in higher dimensions in the future.
As the last words, we stress one additional important point in our results. To our knowledge, there has been no paper that dealt with gauge-breakings for VMs in higher dimensions, such as D ≥ 9. In this paper, we have given the non-trivial gauge-breaking mechanism that has not been known before in D ≥ 9. Even though our mechanism is based on the Proca-Stueckelberg-like mechanism [16] , it is closely related to the subtlety of the gaugino mass-terms in 9D.
Appendices A and B give useful relationships about fermions, in particular, such as (A.1) through (A.3) with Table A-1 with minor typographical errors in [3] now corrected.
These relationships will be of considerable importance for future research associated with fermions in higher dimensions in addition to 9D and 5D, that we have given explicitly in these appendices. We believe that our result in this paper paves the way for further studies of supersymmetric models in higher odd dimensions with interacting VMs in non-adjoint representations.
We are grateful to E. Sezgin who re-confirmed the typographical errors in [3] . We are also indebted to W. Siegel and P. Townsend for valuable discussions. We also acknowledge the referee of this paper for pointing out important references [8] ∼ [14] we should not overlook. Our notation for fermions in D = 1 + 4 coincides with that in [21] . Nevertheless, we
give the brief summary of our conventions, in connection with Table A-1.
As is seen in Table A hermitian lagrangian terms. These also agree with [21] . It also follows that the expected right free massive χ -field equation should be ∂ /χ . = imχ, as mentioned in (1.1).
